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Here, M  denotes the mass of each unit, J , the inertia matrix, 
V ′  and Ω′ , the linear and angular velocity, and F ′ , N ′  

denote the external force and torque vector. Additionally, Ω′~

denotes the skew symmetric matrix which represents vector 
product. Now, we choose the generalized velocity without 
constraint as 

 
TT T T T′ ′ ′ ′ =  OA OA OB OBH V Ω V Ω   (12) 

Then, Hm  and Hf  in (1) are obtained from (8)-(11) as 
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  (14) 

We consider the constraint of angular velocity as 

 ′ ′ ′= +OA AB OB BAΩ C Ω Ω   (15) 

Here, ABC  is the coordinate transformation matrix which 

transforms a vector from B-frame to A-frame, ABΩ′  is the 

relative angular velocity of the mission unit to the frame unit, 
and it is determined by the motion of the tilting mechanism. 
The constraint of the position is obtained as 

 = + −OA OB OB BC OA ACR R C R C R   (16) 

Here, OBC  and OAC  are the coordinate transformation matrices. 

BCR  And ACR  represent the position of the universal joint, 

and defined as 

 

[ ]
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shift shiftx y d
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=
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AC
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R
  (17) 

d  is a distance between center of gravity of the frame unit and 
universal joint, l  is the distance between the mission unit and 

the joint (Figure 5). shiftx  and shifty  are determined by the 

motion of the shifting mechanism. Time derivatives of (16) is 
obtained as 

 ′ ′= − + +OA OB OB BC OB OB BC OA AC OA
 V V C R Ω C V C R Ω   (18) 

Similarly, OAV ′  is obtained as 
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Here, we used (15) to derive (19). Considering the generalized 
velocity with constraint as 
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Finally, the equation of motion of the co-axial rotor helicopter 

is derived as (3). Here, Sm and Sf  are obtained as follows: 
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Additionally, R~ is defined as 

 = −AC AB AB BCR R C C R     (27) 

Table 2 – Specifications of Unmanned Helicopter 

Mass of mission unit 66 [kg] 

Inertia moment of mission unit diag(50, 50, 50) [kg m^2] 

Mass of frame unit 100 [kg] 

Inertia moment of frame unit diag(50, 50, 50) [kg m^2] 

Distance between 
COG of mission unit and joint 

0.206 [m] 

Distance between 
COG of frame unit and joint 

0.693 [m] 
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